We consider exact Lagrangian submanifolds in cotangent bundles. Under certain additional restrictions (triviality of the fundamental group of the cotangent bundle, and of the Maslov class and second Stiefel-Whitney class of the Lagrangian submanifold) we prove such submanifolds are Floer-cohomologically indistinguishable from the zero-section. This implies strong restrictions on their topology. An essentially equivalent result was recently proved independently by Nadler [12], using a different approach. 16 KENJI FUKAYA, PAUL SEIDEL, IVAN SMITH
Introduction
This paper is concerned with the topology of Lagrangian submanifolds in cotangent bundles. Take a closed manifold N (throughout the entire paper, the convention is that all manifolds are assumed to be connected). Equip the cotangent bundle T * N with the standard symplectic structure. We will be interested in closed exact Lagrangian submanifolds in T * N .
Theorem 1. Suppose that N is simply-connected and spin. Fix a coefficient field K of characteristic = 2. Let L ⊂ T * N be a closed exact Lagrangian submanifold, which is spin and whose Maslov class m L ∈ H 1 (L) vanishes. Then the projection L → N has degree ±1, and induces an isomorphism H * (N ; K) → H * (L; K). Moreover, if L 0 , L 1 are two submanifolds satisfying the same conditions, and intersecting transversally, then |L 0 ∩ L 1 | ≥ dim H * (N ; K), where the right hand side is the sum of the Betti numbers with K-coefficients.
A well-known conjecture says that all closed exact L ⊂ T * N should be isotopic to the zero-section (where the isotopy goes through exact Lagrangian submanifolds). In this form, the conjecture (sometimes called the "nearby Lagrangian problem") seems to be beyond the reach of present technology, but there is a long history of partial results. Surjectivity of the projection Date: January 2007. 1 N → L was proved in one of the first papers on the subject [10] . Furthermore, many non-embedding results are known for special classes of manifolds N or L; besides the reference already quoted, see [19, 20, 18, 2, 6, 16] (even this is a non-exhaustive list). Together, these papers use a wide variety of approaches, and the consequent statements vary considerably in strength (sometimes far outstripping what one can get by applying Theorem 1; for instance, results in [19] and [6] prove that every oriented exact L ⊂ T * S 2 is indeed Lagrangian isotopic to the zero-section). This diversity is one of the aspects making this an interesting problem to study.
To bring the story to a close, there is an important very recent paper of Nadler [12] in which, building on work of Nadler-Zaslow [13] and Wehrheim-Woodward [21] (and, ultimately, Fukaya-Oh [3] ), he obtains a result essentially equivalent to our Theorem 1. Nadler's argument is somewhat different from the one used here (there is also yet another approach, due to the authors of the present paper, which remains so far unpublished). We emphasize that Nadler's work and ours were carried out entirely independently of each other. Nevertheless, there are many similarities on a philosophical level; notably, the use of the Fukaya category of T * N , enlarged by admitting certain non-compact Lagrangian submanifolds, and of decompositions of the diagonal. We postpone a more detailed comparison to [4] . This paper is organized as follows. The rest of Section 1 gives a complete account of the proof of Theorem 1, assuming certain auxiliary theorems which are then addressed in the subsequent sections. Mostly, the proofs of those auxiliary results are quite self-contained, relying only on classical Floer homology theory and algebraic geometry. However, there is one notable exception, Theorem 3, which belongs to the general theory of Lefschetz fibrations. The use of Lefschetz fibrations is not, of course, intrinsic to the nearby Lagrangian problem. Indeed, a large part of the paper is devoted to going from one framework (cotangent bundles) to the other (affine algebraic varieties) and back. Nevertheless, this turns out to be a price worth paying, because the Fukaya categories associated to Lefschetz fibrations belong to a particularly benign class (directed A ∞ -categories, up to derived equivalence).
Acknowledgements. The second author was partially supported by NSF grant DMS-0405516. The third author was partially supported by EPSRC grant EP/C535995/1. 1a. Lefschetz fibrations on affine varieties. LetX be a smooth ndimensional complex projective variety, equipped with an ample line bundle OX (1) . Let t ∈ H 0 (OX (1)) be a holomorphic section, which defines a normal crossing divisor (possibly with multiplicities) Y = t −1 (0). The complement X =X \ Y is an affine variety. We fix a hermitian metric on OX (1) whose curvature is positive, hence defines a Kähler form. The restriction of this form to X can be written as ω = −dd c h, where h = − log ||t|| 2 is the Kähler potential. In particular, the symplectic form has a canonical primitive, namely θ = −d c h.
Take another section s ∈ H 0 (OX (1)), which is not a multiple of t. We say that the function p = s/t : X → C is a Lefschetz fibration if the following conditions are satisfied:
• p has only nondegenerate critical points, and there is at most one such point in every fibre.
• s −1 (0) is (reduced and) smooth near Y , and intersects each stratum of Y transversally.
The first condition is the standard Lefschetz property, and the second one ensures that the fibres are well-behaved at infinity. More precisely, if we consider the symplectic connection defined by ω, then:
Lemma 2. p : X → C has well-defined symplectic parallel transport maps (away from the singular fibres).
We need to review some more terminology from Picard-Lefschetz theory. A vanishing path is an embedded path γ : [0; ∞) → C such that γ(0) is a critical value of p, all the other γ(r) are regular values, and γ ′ (r) is constant for r ≫ 0 (which means that the path eventually becomes a straight halfline). For any such path there is an associated Lefschetz thimble ∆ γ ⊂ X, which is an open Lagrangian disc projecting properly to γ. In fact, γ −1 •p|∆ γ is the standard exhausting Morse function on the open disc, with a single nondegenerate minimum that lies precisely at the unique singular point of p −1 (γ(0)). We refer to [15] for details.
Let's label the critical values by {z 1 , . . . , z m }. A pair of dual bases of vanishing paths consists of collections {γ j }, {γ ! j } indexed by 1 ≤ j ≤ m, with the following properties:
• γ j (0) = γ ! j (0) = z j for all j, with transverse intersection at that point, and no other intersection points; except for this, any two of the paths {γ 1 , . . . , γ m , γ ! 1 , . . . , γ ! m } are disjoint. • For r ≫ 0, γ j (r) = c j − ir for some constants c j ∈ C, which are such that their real parts re c j are increasing. Similarly, γ ! j (r) = c ! j + ir, with re c ! j increasing.
These bases give rise to two collections of Lefschetz thimbles, which we usually denote by {∆ j } and {∆ ! j }. By construction, ∆ j intersects ∆ ! j precisely at the unique critical point x j ∈ p −1 (z j ) (and the intersection is transverse there); otherwise, the Lefschetz thimbles are all mutually disjoint. Note that ∆ 1 is always isotopic to ∆ ! 1 , and similarly ∆ m to ∆ ! m , just because the relevant paths can be moved into each other.
1b. Floer cohomology. Take an affine variety X =X \ Y of the kind considered above, with its symplectic form ω = dθ. In addition, assume that X carries a meromorphic complex n-form whose zeros and poles lie entirely inside Y . Restriction of that form to X then yields a holomorphic volume form, which we denote by η. For any Lagrangian submanifold L ⊂ X, we then have a class [θ|L] ∈ H 1 (L; R), as well as the Maslov class m L ∈ H 1 (L). We define admissible Lagrangian submanifolds to be those L which are:
• exact, meaning that [θ|L] = 0;
• spin, and in fact come with a choice of spin structure; and
• have zero Maslov class.
The last property allows us to choose a grading of L, in the terminology of [14] . We will denote the resulting graded Lagrangian submanifold bỹ L. For any pair of closed submanifolds of this kind, one has a well-defined Floer cohomology group HF * (L 0 ,L 1 ), which is a Z-graded vector space (over a coefficient field K, which can be chosen arbitrarily). One can also allow certain non-compact Lagrangian submanifolds. Namely, if X carries a Lefschetz fibration in the sense defined above, then one or bothL k may be Lefschetz thimbles (these are contractible, hence automatically admissible), except for one condition: in the case of two Lefschetz thimbles, we require that the associated paths should only intersect in a compact subset of C. The resulting Floer cohomology groups have the usual properties: for L 0 =L 1 =L, one has HF * (L,L) ∼ = H * (L; K); isotopy invariance holds within the class of Lagrangian submanifolds which are allowed; there is a Poincaré duality isomorphism HF * (L 1 ,L 0 ) ∼ = HF n− * (L 0 ,L 1 ) ∨ ; and also an associative product HF * (L 1 ,L 2 ) ⊗ HF * (L 0 ,L 1 ) → HF * (L 0 ,L 2 ). 1c. A spectral sequence. Fix dual bases of vanishing paths, and consider the associated Lefschetz thimbles. Recall that whenever two graded Lagrangian submanifoldsL 0 ,L 1 intersect transversally at a point x, one can define the absolute Maslov index
which determines the degree in which this point will contribute to the Floer cochain group CF * (L 0 ,L 1 ). In our case, our convention is to choose gradings so that the unique intersection point x j ∈ p −1 (z j ) satisfies
This implies that HF * (∆ ! j ,∆ j ) is K in degree 0, and trivial in other degrees. There is some residual ambiguity, since one can change the grading of both vanishing cycles by the same amount, but that will be irrelevant for our purpose. This convention is compatible with the isotopy ∆ m ≃ ∆ ! m (but not with ∆ 1 ≃ ∆ ! 1 ).
Theorem 3. Suppose that char(K) = 2. Let (L 0 ,L 1 ) be two closed admissible Lagrangian submanifolds in X, equipped with gradings. Then there is a spectral sequence converging to HF * (L 0 ,L 1 ), whose starting page is
It is implicit in the statement that the columns E j * 1 with j ≤ 0 or j > m are zero. The result is quoted from [17, Corollary 18 .27] with some notational changes, which we will comment on later. More importantly, we will need two additional properties of this spectral sequence. First, like any spectral sequence with bounded starting term, ours comes with a right-sided edge homomorphism, which is a map E m, * −m 1 → HF * (L 0 ,L 1 ).
Addendum 4. Up to a nonzero multiplicative constant, the edge homomorphism is the composition of the isomorphism HF * (∆ m ,L 1 ) ∼ = HF * (∆ ! m ,L 1 ) obtained from the isotopy ∆ m ≃ ∆ ! m , and the multiplication HF * (∆ m ,L 1 )⊗ HF * (L 0 ,∆ m ) −→ HF * (L 0 ,L 1 ).
The second observation can be motivated as follows. Suppose for a second that HF * (L 0 ,∆ j ) = 0 for all j. Then, the spectral sequence would imply that HF * (L 0 ,L 1 ) = 0 for allL 1 . This can never actually happen, since HF * (L 0 ,L 0 ) = 0, but there is a useful relative version (a kind of Whitehead theorem):
Addendum 5. Suppose that there is a c ∈ HF 0 (L 1 ,L 0 ) such that the product with c is an isomorphism HF * (L 0 ,∆ j ) → HF * (L 1 ,∆ j ) for all j. Then, the same product is an isomorphism HF * (L 0 ,L) → HF * (L 1 ,L) for all closed admissible L.
1d. Real Lefschetz fibrations. We will be looking at Lefschetz fibrations with real structures. This means that •X carries an anti-holomorphic involution, which comes with a lift to the line bundle OX (1), preserving the hermitian metric. The section t should be defined over R, which means that it is invariant under the involution;
• if we restrict the involution to X, then its fixed part X R should be compact (and connected);
• the section s defining the Lefschetz fibration should also be defined over R.
Note that X R is automatically an exact Lagrangian submanifold, since both ω and θ vanish on it. Restriction of p to the real part yields a function p R : X R → R, which is automatically Morse. Moreover, because we do not allow more than one critical point in a given fibre, the critical points of p R are precisely those critical points of p which have real values. In addition to the properties above, we will often require the existence of a holomorphic volume form η as before, which should again be defined over R (this means that the pullback of η by the anti-holomorphic involution isη). Then, the restriction η R = η|X R is a volume form on X R .
In the presence of a real structure, it is convenient to use dual bases of vanishing paths of a particular kind. Suppose that there are s real and r non-real critical values, so m = r + s. We choose an arbitrary ordering {z 1 , . . . , z r } of the non-real ones, and then add the real ones in their natural order as {z r+1 < · · · < z m }. Let {γ j }, {γ ! j } be dual bases of vanishing paths, with γ j (0) = γ ! j (0) = z j . We say that they are compatible with the real structure if:
• for each j ≤ r, γ j is disjoint from p(X R );
• for each j > r, both γ j and γ ! j intersect p(X R ) only at their starting point. Moreover, im γ ′ j (0) < 0 and im (γ ! j ) ′ (0) > 0. Figure 1 shows how to find such bases, first in a particularly simple situation, and then in a more realistic one (the two cases are related by a diffeomorphism of C preserving p(X R ), hence are not really substantially different).
Having set up the theory, it remains to produce enough examples. For this purpose we use standard approximation methods from real algebraic geometry. The outcome is as follows:
Let N be a closed orientable manifold, equipped with a Morse function, which has the property that no two critical points lie on the same level set. One can then find: a Lefschetz fibration p :
structure; which comes equipped with a holomorphic volume form defined over R; and a diffeomorphism X R ∼ = N ; such that: the composition of p R with this diffeomorphism is C 2 -close to the given Morse function.
1e. Cotangent bundles. Fix a Lefschetz fibration with a real structure, equipped with a holomorphic volume form which is defined over R. We write N = X R . By Weinstein's theorem, one can find a symplectic embedding κ of some tubular neighbourhood of the zero-section N ⊂ T * N into X, such that κ(N ) = X R . Because of the exactness of X R , this is an exact symplectic embedding, which means that it preserves the class of exact Lagrangian submanifolds. Since the holomorphic volume form η is defined over R, X R admits a canonical grading, and one can use that to transfer gradings of Lagrangian submanifolds from T * N to X.
Lemma 7. Let (L 0 ,L 1 ) be closed admissible Lagrangian submanifolds of T * N , equipped with gradings. Assume that they lie close to the zero-section, so that their images under κ are well-defined. Then HF * (κ(L 0 ), κ(L 1 )) ∼ = HF * (L 0 ,L 1 ). Here, the Floer cohomology group on the left hand side lives in X, and that on the right hand side in T * N .
There is also an analogue of this for a suitable class of Lefschetz thimbles. Namely, let x be a critical point of p which lies in the real locus, and z its value. Let γ be a vanishing path starting at z. We impose a condition similar to the one in the previous section, namely γ should not intersect p(X R ) anywhere else, and im γ ′ (0) = 0. Write ∆ = ∆ γ for the Lefschetz thimble, and T * x ⊂ T * N for the cotangent fibre. We fix gradings of these two submanifolds in such a way that i(X R ,∆; x) = 0 and i(Ñ ,T *
x ; x) = 0.
Lemma 8. LetL be a closed admissible Lagrangian submanifold of T * N , with a grading. Then HF * (κ(L),∆) ∼ = HF * (L,T * x ).
Addendum 9. LetL 0 ,L 1 be two closed admissible Lagrangian submanifolds of T * N , with gradings. Then, the Floer-theoretic products in X and T * N respectively,
are compatible with the isomorphisms from Lemma 7 and 8 (together with the obvious analogue of the latter for HF * (∆, κ(L)), which can be reduced to the original statement by duality).
We need one more fact about gradings. Let x be as before, and write µ(x) = µ(p R ; x) for its Morse index as a critical point of p R . Take two vanishing paths γ, γ ! starting at z = p(x), with the property that im γ ′ (0) < 0, im (γ ! ) ′ (0) > 0. Then, the two thimbles ∆, ∆ ! and the real part X R intersect each other pairwise transversally at x.
Lemma 10. For any choice of gradings,
1f. The main argument. We start with a closed, simply-connected manifold of dimension n ≥ 6. Choose a Morse function q : N → R with no critical points of index 1 or n − 1 (it is a classical result from topology that such functions exist [11] ). Denote by (y 1 , . . . , y s ) the critical points of q.
We assume that no two such points lie on the same level set. Suppose that (L 0 ,L 1 ) are closed admissible Lagrangian submanifolds of T * N , equipped with gradings. Then, there is a spectral sequence converging to HF * (L 0 ,L 1 ), with
.
Here, we have graded the cotangent fibres as in Lemma 8. The constant r appears for compatibility with labeling conventions elsewhere (it has the trivial effect of shifting the entire E 1 page to the right and down).
We will construct this spectral sequence by reduction to Theorem 3. First, using Lemma 6, find a suitable Lefschetz fibration p : X → C, whose real part approximates our Morse function; in particular, there is a bijective correspondence between the critical points of q and p R , preserving Morse indices and the ordering of the critical values. As before, we extend the diffeomorphism N ∼ = X R to a symplectic embedding κ of some neighbourhood of N ⊂ T * N into X. Choose dual bases {γ j }, {γ ! j } of vanishing bases which are compatible with the real structure, and take the associated Lefschetz thimbles {∆ j }, {∆ ! j }, graded according to the standard convention (2). Let's start by looking at j ≤ r, which are just the indices corresponding to non-real critical values. In that case, ∆ j is disjoint from X R , hence also from κ(L 0 ), κ(L 1 ) if we bring those submanifolds sufficiently close to the zero-section. As a consequence, the associated columns in (3) vanish. Now consider the real critical points x j and critical values z j , j > r. By Lemma 10, there is some constant d j such that (7) i
Lemma 8, as originally formulated, assumes that these two quantities are zero. We adjust the statement to take into account the gradings here, and find that (8) HF
. In view of the correspondence between critical points of p R and q, and the isotopy invariance of Floer cohomology in T * N (which makes it irrelevant whether one takes the cotangent fibre at x j or y j−r ), the E 1 page now takes on the form (6) . In fact, the last-mentioned observation also shows that all columns on this page are isomorphic, up to a shift.
For our first application, takeL 0 =L 1 =L equal, and write
, where x is any point in N . Let a ≤ b be the lowest and highest degrees in which H is nonzero. Then, the term in (6) with the highest total (row plus column) degree is E m,b−m H * (L; K), which is obviously concentrated in degrees 0 ≤ * ≤ n. Hence, b ≤ n and a − n ≥ 0, which implies equality. Moreover, the bottom and top classical cohomology groups are one-dimensional, hence we find that HF * (L,T * x ) is one-dimensional. After shifting the grading of L, we may assume that it is concentrated in degree 0. Of course, by passing to Euler characteristics, it follows that projection L → N has degree ±1.
Next, apply the same spectral sequence toL 0 =L andL 1 =Ñ (at this point, we have to assume that N is spin). The top degree piece in the E 1 page is E m,n−m 1 = HF n (T * x ,Ñ ) ⊗ HF 0 (L,T * x ) ∼ = K, and this survives for the same reasons as before. As a consequence, the edge homomorphism is an isomorphism in degree n. Addendum 4 describes the edge homomorphism as a Floer-theoretic product in X, and we can apply Addendum 9 to transfer the product to T * N , where it takes the form HF n (T *
Here, x can be arbitrary by isotopy invariance. Transferring this insight back to X, we find that for any j > r, the map
is an isomorphism of one-dimensional vector spaces. Equivalently, fixing a nonzero element c in the dual group HF 0 (κ(Ñ ), κ(L)), the statement is that product with c induces isomorphisms HF * (κ(L),∆ j ) → HF * (κ(Ñ ),∆ j ) for all j > r. In this form, the statement also holds for j ≤ r, where the groups involved are all zero. Hence, Addendum 5 applies. Recall that (closed) admissible Lagrangians and their Floer cohomology groups form a category HF(X). By a general nonsense (Yoneda Lemma) argument, the statement in the Addendum implies that c is an isomorphism in that category. In particular, κ(L) and κ(Ñ ) must have isomorphic endomorphism rings, so H * (L; K) ∼ = HF * (κ(L), κ(L)) ∼ = HF * (κ(Ñ ), κ(Ñ )) ∼ = H * (N ; K). We already know that the projection L → N has degree ±1, hence is injective on cohomology. By comparing dimensions, it follows that it must be an isomorphism. Now let L 0 , L 1 be two submanifolds as in the last part of Theorem 1. We know that in HF(X), both κ(L j ) are isomorphic to κ(Ñ ), hence HF * (κ(L 0 ), κ(L 1 )) ∼ = HF * (κ(Ñ ), κ(Ñ )) = H * (N ; K). By definition of the Floer cochain complex, this implies the desired lower bound on the number of intersection points. Finally, to get rid of the assumption dim(N ) ≥ 6, one argues by stabilization (taking the product with a sphere of large dimension).
Parallel transport
This section contains the proof of Lemma 2. The point is to show that the parallel transport vector fields are integrable, which means that orbits do not escape to infinity in finite time.
2a. Estimates for horizontal vector fields. Take the vector field ∂ z on the base C, and take its unique lift to a horizontal vector field on X (away from the critical points), using the Kähler metric. The outcome can be written as
Let's place ourselves at a point at infinity inX, which lies in the closure of s −1 (0) (note that this is equal to the closure of p −1 (z), for any z). There are local coordinates (x 1 , . . . , x n ) around that point, and a local trivialization of OX (1), with respect to which (12) s
Here, the gradient and its norm are formed with respect to the given Kähler metric. The notation means that inequality holds up to some multiplicative constant (mainly, this involves comparing the metric with the standard one). In our local trivialization, the hermitian metric on OX (1) is || · || 2 = e σ | · | 2 for some smooth function σ, hence h = − log ||t|| 2 = − log |t| 2 − σ. Differentiate this in direction of (11): (15) ξ.h ≤ | ∇p, ∇σ | ||∇p|| 2 + 2|t| · | ∇t, ∇p | ||∇p|| 2 · |t| 2 1 ||∇p|| + ||∇t|| ||∇p|| · |t| .
In view of (13), the first term is bounded above by const/|p| near x = 0. A combination of (13) and (14) yields the same bound on the second term.
2b. Application. Consider parallel transport along a horizontal segment [a, b] ⊂ C, which avoids all critical values. This is defined by integrating ξ over p −1 ([a, b] ). Assume temporarily that 0 / ∈ [a, b], so that we get a bound on 1/|p|. Then, after covering the closure of s −1 (0) with finitely many neighbourhoods of the kind considered above, it follows that |ξ.h| is bounded on the whole of p −1 ([a, b]). Since h is an exhausting function, that gives an a priori bound on the growth of trajectories, prohibiting their escape to infinity. To get rid of the assumption 0 / ∈ [a, b], one argues as follows: if p is a Lefschetz fibration, then so is p + c for any constant c. Moreover, the parallel transport maps remain the same. In other words, by changing the way in which we choose local coordinates, the 1/|p| bound can be replaced by a 1/|p + c| one. It then suffices to choose c / ∈ [a, b].
Finally, parallel transport along an arbitrary path β is defined by taking the horizontal lifts of the tangent vectors ∂β/∂r. Since these are all complex multiples of (11), the same argument as before works.
From Morse functions to Lefschetz fibrations
This section contains the proof of Lemma 6. This is a standard exercise in real algebraic geometry, using the Nash-Tognioli approximation theorem, resolution of singularities, and Bertini-type transversality results.
3a. Real algebraic approximation. Let N be a closed n-dimensional manifold, smoothly embedded into R 2n+1 . The Nash-Tognioli theorem, in the form given in [8, Theorem 7] , says that any such N can be C νapproximated by a smooth real algebraic variety U R , for every ν (ν = 2 will be enough for us). Let U be the complexification of U R , which means the affine variety in C 2n+1 defined by the same equations as U R . In general, this complexification will be singular, but one can throw out the singularities by using the following trick [9] . Sing(U ) ⊂ U is itself an algebraic subvariety defined over R, which means the zero-set of real polynomials f 1 , . . . , f r . Set F = f 2 1 + · · · + f 2 r , and consider
This is isomorphic to U \ Sing(U ). Since U R is smooth, we have Sing(U ) ∩ U R = ∅, which means that the real part of (16) is isomorphic to U R (in both cases, the isomorphism is given by projection to C 2n+1 ).
From now on, we assume that N is orientable. Take an n-form β R on R 2n+1 (not closed, of course) whose restriction to N is a volume form. We may choose β R to be real algebraic; this is just the Stone-Weierstrass theorem on polynomial approximation. In our previous construction, we take U R to be sufficiently close to N , and then β R |U R will again be a volume form. Take the complexification β, and pull it back to (16) by projection. This may not necessarily be a complex volume form, but the set where it degenerates (becomes zero) is an algebraic subvariety defined over R, and disjoint from the real locus. We choose real defining polynomials g 1 , . . . , g s for this subvariety, and apply the same trick as before, which means passing to
where G = g 2 1 + · · · + g 2 s . The outcome is that we have a smooth affine algebraic variety defined over R, whose real part is diffeomorphic to N , which comes equipped with a holomorphic volume form.
3b. Resolution of singularities at infinity. The projective closure of (17) is not in general well-behaved (it can have arbitrarily bad singularities). To resolve these, we appeal to Hironaka's theorem [7] . The precise statement is as follows: for some q ≫ 2n+3, there is an affine algebraic variety X ⊂ C q , such that:
• X is defined over R;
• projection to the first 2n + 3 coordinates maps X isomorphically to (17) ;
• the projective closureX ⊂ CP q is smooth, and the divisor at infinity Y = X ∩ CP q−1 has at most normal crossing singularities.
We equipX with the line bundle OX (1), with its standard metric, and the section t defining the divisor at infinity. Finally, we take the previously constructed holomorphic volume form, and pull it back to a form η on X, then extend that to a rational form onX. This data satisfies all the conditions from Sections 1a and 1d, as far as the geometry of the total space X itself is concerned. Next, we will address the construction of the real Lefschetz pencil p.
3c. Constructing the Lefschetz fibration. Suppose that our N comes with a choice of Morse function, which has at most one critical point in each level set. At the outset of the construction, we may assume that the embedding N ⊂ R 2n+1 has been chosen in such a way that the first coordinate u 1 is C 2 -close to the given Morse function (one can even arrange that the two are equal, but we won't need this). By choosing U R sufficiently close to N and going through the construction, one gets the following: there is a section s of OX(1), which is defined over R, such that the restriction of p = s/t to the real part X R ∼ = N is C 2 -close to the original Morse function.
By Bertini's theorem, the complex hyperplanes which intersectX nontransversally form a proper subvariety of the dual projective space CP q−1 .
The real locus of that is a proper subvariety of RP q−1 , hence its complement is open and dense. This means that by a small perturbation of s inside the space of sections defined over R, we may achieve that s −1 (0) is smooth. Similarly, a generic choice ensures that s intersects all the strata of Y transversally; that the critical points of p are nondegenerate; and that at most one such point lies in each fibre. In all those cases, it is a classical fact that the set of complex parameter values (choices of s) where things go wrong is a constructible subset of positive codimension, and one applies the same argument as before to obtain the desired result for real s.
Grading issues
In this section, we review in a little more detail the standard machinery of graded Lagrangian submanifolds, and the resulting gradings on Floer cohomology groups. Most of our argument uses this machinery only in straightforward ways. The exception is Lemma 10, for which we will provide a proof based on the index formula for holomorphic triangles (more pedestrian proofs, by explicit computation of all the indices involved, are also possible). One case where this formalism applies in a straightforward way is that of cotangent bundles T * N . Take the tautological section associated to the zerosection N ⊂ T * N , and extend that over the whole of T * N in an arbitrary way. Then, take Gr T * N to be the fibrewise universal cover with base points given by that section. As a direct consequence of the definition, the zerosection N comes with a trivial grading (if one thinks of points in the universal cover as equivalence classes of paths, this is given for each x by the constant path at T N x ). In a more general context, this example occurs as follows: suppose that M is any symplectic manifold equipped with a covering (18), andÑ a graded Lagrangian submanifold. Enlarge the inclusion N ֒→ M to a symplectic embedding of a tubular neighbourhood of the zero-section inside T * N . On this neighbourhood, there is a preferred isomorphism between the pullback of Gr M and the previously considered covering Gr T * N , given by the grading of N ⊂ M . In less precise but more practical terminology, there is a unique coherent way of mapping graded Lagrangian submanifolds in T * N to ones in M , with the property that the zero-section (with its trivial grading) gets mapped toÑ .
Algebro-geometrically, the natural source of coverings (18) is as follows. Let X be a Kähler manifold with a holomorphic volume form η. This induces a squared phase function α :
where {v j } is any basis of the Lagrangian subspace Λ ⊂ T X x . Taking (18) to be the pullback of R → S 1 by α, one immediately sees that: for any Lagrangian submanifold L, the class m L is represented by the function α L : L → S 1 , α L (x) = α(T L x ); and a grading of L is the same as a real-valued phase functionα L : L → R satisfying exp(2πiα L ) = α L . In our specific application, we have a real involution (which reverses the Kähler form and almost complex structure, and maps η toη). In that case, η(v 1 ∧ · · · ∧ v n ) ∈ R for any basis {v j } of (T X R ) x , hence α X R ≡ 1. One therefore has a canonical grading of the real locus,α X R ≡ 0.
4b. Maslov indices. The main role of gradings is to allow us to fix the Z-grading of the Floer cochain complex. This is done through the absolute Maslov index, which was already mentioned in (1) above. We refer to [14] for a general definition. For our applications, only one case is really important. Take T * N with its standard covering Gr. Suppose that L 0 = N is the zero-section, and L 1 = graph(df ) the graph of some exact one-form df . There is an obvious isotopy from L 0 to L 1 , and we assume that gradings have been chosen in a way that is compatible with this isotopy. Then, for any nondegenerate critical point of f , the absolute Maslov index equals the Morse index:
Next, let L 0 , L 1 , L 2 be three graded Lagrangian submanifolds, intersecting at the same point x, with pairwise transverse intersections. Once one has chosen a compatible almost complex structure, there is a trivial holomorphic triangle u with boundary conditions (anticlockwise ordered) L 0 , L 1 , L 2 , namely the constant u ≡ x. Let D u be the linearized operator at u. Equivalently, this is the∂-operator on the trivial vector bundle with fibre T M x over a three-punctured disc, with boundary values in T L 0,x , T L 1,x , T L 2,x . As a special case of the general index formula for such operators (one reference with compatible terminology is [17, Proposition 11.13 ], but there are many others), one has the following equality: for any choice of gradings,
The simplest case is that of three lines in the plane. Thinking of this as C = T * R, we can compute absolute Maslov indices (for suitable choices of gradings) from (19) , and then apply (20) . The outcome is that the index of D u is either 0 or −1, depending on the ordering of the lines (Figure 2 ).
4c. An index computation. We now turn to Lemma 10. First consider a simplified local model, namely X = C n with the standard symplectic structure, the constant complex volume form η = dx 1 ∧ · · · ∧ dx n , and the standard real structure (complex conjugation). Moreover, our p should be a quadratic function
and our vanishing paths are straight lines γ(r) = −ir, γ ! (r) = ir. The associated Lefschetz thimbles are ∆ = (20) we know that the right hand side of (5) is the index of the linearized operator D u for the constant holomorphic triangle u ≡ 0 with boundary conditions (∆ ! , X R , ∆). Clearly, this operator splits into the direct sum of n scalar ones, of which the first µ correspond the left-hand picture in Figure 2 , and the remaining ones to the right-hand one. Hence, its index is −µ by our previous computation.
To derive the general case from this, note first that by the real-analytic version of the Morse Lemma, there are always coordinates compatible with the real structure, in which p has the form (21) . It is well-known, see for instance [15, Lemma 1.7] , that one can deform the Kähler structure locally to make it standard in any given complex coordinate system. In our case, this can be done compatibly with the real structure, so that X R remains Lagrangian. Obviously, such a deformation also affects ∆ and ∆ ! , which change by a Lagrangian isotopy. However, throughout this isotopy they do stay transverse to each other, as well as to X R , so the relevant indices remain the same.
As an aside, we note that a similar argument can be used to prove the previously stated fact, which holds for any Lefschetz fibration, that (2) is compatible with the isotopy ∆ m ≃ ∆ ! m . First, move the relevant vanishing paths so that γ m (r) = z m + exp(−iǫ)r and γ ! m (r) = z m + exp(iǫ)r near r = 0, for some small ǫ > 0. Next, apply a local deformation of the Kähler structure, as before. Then, there are local coordinates in which the vanishing cycles are ∆ m = exp(−iǫ/2)R n , ∆ ! m = exp(iǫ/2)R n . Rotate linearly into Darboux coordinates (p, q), so that ∆ ! m = {p = 0} and ∆ m = {p = tan(ǫ)q}.
The isotopy ∆ m ≃ ∆ ! m is locally given by deforming ǫ to zero, and one can apply (19) to show that if one chooses gradings compatible with this isotopy, the Maslov index is indeed zero.
A shrinking argument
We will now prove the remaining results from Section 1e (everything other than Lemma 10). The idea is to arrange that the relevant holomorphic curves have very small energy, and therefore cannot escape a neighbourhood of the real locus X R . The case where L = ∅ is the most familiar one, see for instance [1] , but the relative version is proved in the same way (by looking at Darboux charts and doing integration by parts). Now take a closed manifold N , fix a Riemannian metric on it, and denote by V = T * <λ N the subspace of cotangent vectors of length less than some constant λ (similarly, we write T * >λ N for the set of vectors of length > λ). This comes with a canonical symplectic form ω V = dθ V and (due to the metric) almost complex structure J V . Fix some point x ∈ N , and let ∆ V = T * <λ,x ⊂ V be the piece of its cotangent fibre which is contained in V .
Lemma 12. For fixed λ, there is a constant ǫ > 0 with the following property. Let Σ be a compact connected Riemann surface with corners, and u : Σ → V a J V -holomorphic map with
Suppose that the image u(Σ) contains some cotangent vector of length < λ/3, and another one of length > 2λ/3. Then E(u) ≥ ǫ.
This can be derived directly from the previous result, as follows. By connectedness, we know that u(Σ) must contain a y with ||y|| = λ/2. There is some r depending only on the metric, such that the ball B(r; y) is disjoint from T * <λ/3 and T * >2λ/3 . By making r smaller if necessary, we may assume that it is less than the constant ρ from Lemma 11. We may also find some r/2 ≤ r ′ ≤ r, such that u is transverse to the boundary of B(r ′ ; y). Setting Σ ′ = u −1 (B(r ′ ; y)) and applying (22) to u ′ = u|Σ ′ , we find that
5b. Energy estimates. We now turn to our application. Supposing that λ is sufficiently small, we have a symplectic embedding κ : V −→ X such that κ|N is the given identification of N with X R . Moreover, this embedding is exact, which means that κ * θ differs from the canonical one-form θ V by an exact one-form (this is obvious, because both κ * θ and θ V vanish on the zero-section). After making a suitable change
and maybe shrinking λ a little, we may assume that κ * θ = θ V . Such a change is unproblematic, because our only use for θ is in defining the class of exact Lagrangian submanifolds, which is unaffected by (24). Similarly, we can find a compatible almost complex structure J on X which agrees with the given complex structure outside a compact subset, and such that κ * J = J V .
Let (L 0 , L 1 ) be two Lagrangian submanifolds of V which are closed and exact, and which intersect transversally. Exactness means that there are functions K 0 , K 1 such that dK j = θ V |K j . Recall that the action functional at an intersection point x ∈ L 0 ∩ L 1 is defined to be (25)
In our case, this agrees with the action functional for κ(L 0 ), κ(L 1 ) viewed as Lagrangian submanifolds of X. In particular, if u : R × [0; 1] → X is any Jholomorphic strip with u(R × {j}) ⊂ κ(L j ) and limits lim s→±∞ u(s, ·) = x ± , then
Now rescale our Lagrangian submanifolds radially in the cotangent bundle, replacing them by ρL j for some 0 < ρ < 1. Because θ V is homogeneous in fibre direction, the associated functions change to ρK j , which by (25) means that the action is A ρL 0 ,ρL 1 (ρx) = ρA(x). Using (26) we see that there is a constant C such that E(u) ≤ Cρ for any finite energy holomorphic strip u with boundary in (κ(ρL 0 ), κ(ρL 1 )). By choosing ρ sufficiently small, one can arrange that (ρL 0 , ρL 1 ) are contained in T * <λ/3 N , and that Cρ is less than the constant ǫ from Lemma (12) (for this particular application, the cotangent fibre ∆ V is irrelevant). It follows that no such u can leave T * <2λ/3 N . On the other hand, the Floer cohomology of (ρL 0 , ρL 1 ) in T * <2λ/3 N is the same as that in the entire cotangent bundle, by the maximum principle. This essentially completes the proof of Lemma 7. A little caution must be observed, since Floer cohomology is usually computed by using pseudo-holomorphic strips for a generic t-dependent perturbation of the almost complex structure. However, one can make this perturbation small and supported inside T * <λ/3 N , and then the pseudo-holomorphic strips must still remain inside T * <2λ/3 N , by Gromov compactness.
5c. The Lefschetz thimble case. Let ∆ ⊂ X be a Lefschetz thimble for a path chosen as in Lemma 8. In particular, ∆ intersects X R in a single point x, and the intersection is transverse there. Let ∆ V ⊂ V be the cotangent fibre at the same point. One can find local Darboux coordinates (p, q) for X centered at x, in which
for some function f which has a critical point at q = 0. By multiplying f with a smooth cutoff function vanishing near q = 0, one finds another Lagrangian submanifold ∆ ′ ⊂ X isotopic to ∆, such that ∆ ′ ∩ X R = {x} and ∆ ′ = κ(∆ V ) near x. After making λ smaller if necessary, we may assume that in fact, κ −1 (∆ ′ ) = ∆ V . Now apply the previous argument to (κ(L 0 ), ∆ ′ ), where L 0 ⊂ V is closed and exact. Since θ V |∆ V = 0, we may choose a function K with dK = θ|∆ ′ in such a way that it vanishes on κ(∆ V ). In that case, a linear rescaling of L 0 still results in a linear change of the actions of all intersection points, hence in a linear decrease of the energy. One applies Lemma 12 as before, to argue that all holomorphic strips must remain inside V , and obtains Lemma 8. Addendum 9 is the same argument applied to holomorphic triangles; this works because the energy of a holomorphic triangle is determined by the actions of its endpoints, in a way which is entirely parallel to (26).
The spectral sequence
This section concerns Theorem 3. We will first review the homological algebra underpinning this spectral sequence. There are several expositions of this in the literature, see [5, Section 2.7.3] or [17, Proposition 5.16] , in the language of triangulated categories and exceptional collections. Here, we use the (essentially equivalent, if maybe less familiar) formalism of directed A ∞categories. This makes it particularly easy to see some additional properties of the spectral sequence, which are the algebraic counterparts of Addenda 5 and 4. We then quote, without proof, the geometric results from [17, Chapter 3] which explain how the algebraic formalism applies to Lefschetz fibrations.
For the benefit of readers wishing to compare this with the original formulation of the spectral sequence in [17, Corollary 18 .27], we should point out a few differences regarding notation and conventions. First of all, the notion of (exact) Lefschetz fibration in [17, Section 15d] does not agree exactly with the one here; however, our Lefschetz fibrations can be brought into the form required by [17] through some easy modifications (changing the connection so that parallel transport maps become trivial at infinity, and then restricting to a suitable large compact subset of X; compare the discussion in [17, Section 19d] ). Next, we use left dual bases rather than the right dual ones from [17, Equation (5.61) ]. In practice, this just means that the roles of {∆ j } and {∆ ! j } in the spectral sequence are exchanged. Moreover, our ordering of the vanishing paths differs from the one in [17, Figure 18 .19]. Finally, we have changed the way in which the vanishing paths approach infinity; however, that does not affect any of the Floer cohomology groups involved in the spectral sequence, simply because of isotopy invariance. 6a. Modules over directed A ∞ -categories. Let A be a directed A ∞category, linear over K, with objects {Y 1 , . . . , Y m }. Basic definitions can be found in [17, Section 5m ], but for the readers' convenience we recall that directedness asserts in particular that hom A (Y i , Y j ) = 0 for i > j and hom A (Y i , Y i ) ∼ = K. Denote by C = mod(A) the differential graded category of (strictly unital, finite-dimensional, left) A-modules, and by C = H(C) its cohomological category (which should more properly be called the homotopy category of A-modules). An object M of C is given by a collection of finitedimensional graded K-vector spaces M(Y j ), together with maps
for all d ≥ 0 and j 0 < · · · < j d . Basic examples are the elementary projective modules P k , given by P k (Y j ) = hom A (Y k , Y j ) and µ d+1 P k = µ d+1 A . For any M, there is a canonical quasi-isomorphism
In particular, Hom C (P j , P k ) ∼ = Hom H(A) (Y k , Y j )). One can slightly sharpen this statement: the full subcategory of C with objects P j is quasi-isomorphic to the opposite A opp of A (this is a form of the Yoneda embedding; compare [17, Lemma 2.12 and Corollary 2.13], which does the same for right modules).
Further basic examples are the elementary simple modules S k , which have S k (Y k ) = K (concentrated in degree zero), S k (Y j ) = 0 for k = j, with identically vanishing structure maps (28). In view of (29), this means that (30) Hom C (P j , S k )) = K (concentrated in degree 0) j = k, 0 otherwise.
It is not difficult to see that (30) characterizes the elementary simple modules up to isomorphism in C. Note that by definition, the rightmost simple and projective modules coincide, P m = S m .
6b. The canonical filtration. Any object M of C comes with a decreasing filtration, given by the submodules
Each graded piece M ≥j /M ≥j+1 has only one nonvanishing vector space (that associated to Y j ), and its structure maps µ d+1 vanish except possibly for d = 0. In fact,
where the tensor product is that of a chain complex and an A-module. In particular, passing to the cohomology level category C and using (29), we have M ≥j /M ≥j+1 ∼ = Hom C (P j , M) ⊗ S j , where now the tensor product just stands for a direct sum of copies of S j (with gradings shifted to match the degrees of generators of the Hom C space).
Given two objects (M 0 , M 1 ), we take M = M 1 and consider the filtration of hom C (M 0 , M 1 ) induced by (31). This gives rise to a spectral sequence converging to Hom C (M 0 , M 1 ), whose starting page is Lemma 13. With the identification P m = S m , the right-sided edge homomorphism of (33) turns into the composition map Hom C (P m , M 1 ) ⊗ Hom C (M 0 , P m ) → Hom C (M 0 , M 1 ).
Proof. For j = m, (29) is an equality rather than a quasi-isomorphism, hom C (P m , M 1 ) = M 1 (Y m ). The right-sided edge homomorphism is induced by the chain map (34) hom C (P m , M 1 ) ⊗ hom C (M 0 , P m ) = hom C (M 0 , hom C (P m , M 1 ) ⊗ P m ) = hom C (M 0 , M 1 (Y m ) ⊗ P m ) = hom C (M 0 , M ≥m 1 ) −→ hom C (M 0 , M 1 ), where the last step comes from the inclusion M ≥m 1 ֒→ M 1 . Concretely, (34) takes an element ψ ∈ hom C (P m , M 1 ), which consists of a single map ψ 1 : P m (Y m ) = K → M 1 (Y m ), as well as a φ ∈ hom C (M 0 , P m ), which consists of a sequence of maps φ d+1 : hom A (Y j d−1 , Y m ) ⊗ · · · ⊗ hom A (Y j 0 , Y j 1 ) ⊗ M 0 (Y j 0 ) → P m (Y m ) = K, and associates to it the sequence of maps ρ d+1 : (a d , . . . , a 1 , m) = ψ 1 (1)φ d+1 (a d , . . . , a 1 , m). By definition, this is the same as the composition ψ • φ in C.
Lemma 14. Suppose that there is a c ∈ Hom 0 C (M 1 , M 0 ) such that composition with c is an isomorphism Hom C (M 0 , S j ) → Hom C (M 1 , S j ) for all j. Then, the same composition yields an isomorphism Hom C (M 0 , M) → Hom C (M 1 , M) for all M.
Proof. Choose a cochain representative of c, and let N be its mapping cone (which is again an object of C). By definition, there are long exact sequences (35) · · · → Hom i C (N , S j ) → Hom i C (M 1 , S j ) → Hom i C (M 0 , S j ) → · · · where the second map is composition with c. Our assumption means that Hom C (N , S j ) = 0, which by (33) implies Hom C (N , N ) = 0. In other words, N is the zero object in C; therefore (by a standard fact about mapping cones) c is an isomorphism in that category. 6c. Application. Take a Lefschetz fibration p : X → R, where the total space is equipped with a complex volume form η. Fix dual bases of vanishing paths. [17, Section 18] introduces the Fukaya category F(p). Objects of this A ∞ -category are all closed admissible Lagrangian submanifolds of X, as well as the Lefschetz thimbles ∆ j and ∆ ! j associated to our dual bases (with a choice of gradings). Moreover, the cohomology level morphisms between such objects are the Floer cohomology groups considered in Section 1b (at least, insofar as we had defined them; we didn't explain how to take the Floer cohomology of two thimbles belonging to the same basis, but that is unnecessary for the present purpose). This is obvious for compact Lagrangian submanifolds, and follows from [17, Remark 18.12] for thimbles.
Crucially, [17, Theorem 18 .24] provides a quasi-isomorphic embedding of F(p) into C = mod(A) for a suitable directed A ∞ -category A. By construction, this embedding sends∆ ! j to P j and∆ j to S j (up to isomorphism in the cohomological category, to be precise). In particular, by applying (33) to the image of two closed admissible Lagrangian submanifolds under this embedding, one immediately obtains the spectral sequence as stated in Theorem 3. Lemma 14 turns into Addendum 5, and Lemma 13 into Addendum 4. In the latter case, the isotopy between ∆ m and ∆ ! m gives rise to an isomorphism between the corresponding objects in F(p), and their images in C. It is not a priori clear that this agrees with the purely algebraic identification S m = P m . However, the two can only differ by a nonzero element of K = Hom C (P m , P m ), which is why we pick up a constant ambiguity when translating the result into geometric terms.
